Abstract. We will establish far eld identities for the scattering of time-harmonic acoustic waves from sound-soft and sound-hard obstacles and will illustrate two applications of these identities for the inverse obstacle scattering problem. Firstly, we will provide an alternate proof for the Fr echet di erentiability of the far eld pattern with respect to the boundary. Secondly, we will connect the identities with a new method for the approximate solution of the inverse obstacle scattering problem which was recently suggested by Potthast.
1. Introduction. Let For a sound-soft obstacle D the scattering problem for time-harmonic waves is, given an incident eld u i as an entire solution of the Helmholtz equation, to nd the total eld u = u i +u s as a solution to the Helmholtz equation in the exterior IR 3 n D of D, such that u satis es the Dirichlet boundary condition u = 0 on @D and u s ful lls the Sommerfeld radiation condition. Clearly, this scattering problem is a special case of the above boundary value problem (1.1){(1.3). We denote the far eld pattern of u s by u 1 .
For an incident plane wave u i (x) = u i (x; d) = are the scattered and the total eld, respectively, for the scattering of a point source located at x 2 IR 3 n D. Note that the function w is the Green function for the boundary value problem (1.1){(1.3) and that it enjoys the symmetry, i.e., the reciprocity w(x; y) = w(y; x); x; y 2 IR 3 n D; x 6 = y; (1.5) which can be easily derived from Green's integral theorem.
In the sequel, for an additional domain D a with connected C 2 boundary @D a and exterior normal we will distinguish the above quantities through the corresponding subscript a. Under the assumption that D D a , we de ne the integral operator G a : C(@D a ) ! C(@D a ) by (G a ')(x) := Z @Da w(x; y)'(y) ds(y); x 2 @D a :
Clearly, G a can be extended to a bounded operator G a : L 2 (@D a ) ! L 2 (@D a ). The main goal of the present paper is to establish the operator identity F ? F a = 4 A a G aÃa (1.7) and the corresponding identity for the Neumann problem. This identity is a counterpart of an analogous relation for scattering from an inhomogeneous medium given by Nachman 6] . The identity (1.7) will be derived in Section 2. Then the remaining part of the paper will be concerned with two applications of (1.7) for the inverse scattering problem to recover the shape of the obstacle from the far eld pattern for plane wave incidence. Firstly, in Section 3 we will use (1.7) for describing an alternate proof for the Fr echet di erentiability of the far eld pattern u 1 with respect to the boundary @D of the scatterer. Then in the nal Section 4 we will give an interpretation of (1.7) as a relation between the far eld for plane wave incidence and for point source incidence. This connects the identity (1.7) to a new method for solving the inverse obstacle scattering problem as proposed by Potthast in 9, 10].
2. A far eld identity. We proceed with proving a preliminary version of (1.7). 3. Fr echet di erentiability of the far eld. For a xed incident eld u i , the solution to the direct scattering problem de nes an operator F : @D 7 ! u 1 which maps the boundary @D of the scatterer D onto the far eld pattern u 1 of the scattered wave u s . In terms of this operator, given a far eld pattern u 1 , the inverse problem consists in solving the nonlinear and improperly posed operator equation
for the unknown boundary @D. The application of iterative methods for the approximate solution of (3.1), requires to ensure di erentiability of the operator F and to characterize the derivative. Using a domain derivative approach this has been achieved by Kirsch 4] for the Dirichlet problem and by Hettlich 3] for the Neumann problem. Fr echet di erentiability via an integral equation approach has been established by Potthast 7, 8] . In an alternate approach, in the sequel we will investigate the Fr echet di erentiability using the far eld identities from Section 2. We will illustrate that with the aid of these identities the Fr echet di erentiability can be obtained in a simple manner, provided we have already shown the continuous dependence on the boundary for the solution to the scattering problem. For simplicity we will assume analyticity of the boundary. The general C 2 case can in principle also be proven with this technique (see the remark after the proof of Theorem 3.1).
In order to describe the dependence of the operator F on the boundary we choose a xed reference domain D and consider a family of scatterers D h with boundaries represented in the form @D h = fx + h(x) : x 2 @Dg where h : @D ! IR 3 is of class C 2 and su ciently small in the C 2 norm. Then we may consider the operator F as a mapping from a su ciently small ball B r := fh 2 C 2 (@D) : khk C 2 < rg into L 2 ( ).
We begin by considering the Dirichlet boundary condition. The This completes the proof.
Although Theorem 3.1 was proven under the assumption that @D is analytic, the above technique, in principle, can also be used to show that the result is valid for C 2 boundaries. First we note that the analysis of the proof can be immediately carried over to the case where @D is C 2 and h > 0 on @D, that is, @D is strictly contained in @D h for su ciently small h.
For arbitrary h we chooseh with khk C 2 2khk C 2 such that @D~h is strictly contained both in @D and in @D h . and apply Theorem 2.1 separately to the two terms on the right hand side. For the investigation of the limit as khk C 2 ! 0, in addition to the continuity of the normal derivative with respect to the boundary which follows from the integral equation (3.3),
we also need the continuity of u, grad u and w, grad w with respect to the boundary. For this, the equation (3.3) has to be considered in the H older space C 1; (@D), i.e., it has to be shown that the operators S; K; K 0 : C 1; (@D) ! C 1; (@D) depend continuously on the boundary @D with respect to the C 2 norm. This can be established by reducing the analysis in 8] for proving continuity rather than di erentiability. We now proceed with the Neumann boundary condition. and the proof is completed as for the previous theorem by using the far eld identity (2.13) for the Neumann problem. This proof of Theorem 3.2 makes the structure and the origin of the boundary condition (3.13) more transparent than the proofs in 3] or 8]. Then in D a the single-layer potential v with density ' on @D a coincides with (x; ). Combining (4.7) and (4.9), with the aid of (4.6), we obtain ' = S ?1 a H a g =Ã a g. Now By Theorem 5.13 in 2] the operator H a is injective and has dense range provided k 2 is not a Dirichlet eigenvalue for the negative Laplacian in the domain D a . Therefore, by solving the integral equation of the rst kind (4.7), for example by Tikhonov regularization, one can approximate the far eld of the scattered wave for a point source by superposition of the scattered waves for plane waves. For details on an implementation we refer to 9, 10].
